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Let G be a finite subgroup of the orthogonal group O(d). It is shown that mauy 
spherical t-desigus are constructed from G, if some particular irreducible represen- 
tations of O(d) remaiu irreducible when restricted to G. 
Let L& be the unit sphere in the Euclidean space W of dimension d. A 
subset X of L& is said to be a spherical t-design if the cardinality of X is 
finite and if 
pM = 0 
for all homogeneous harmonic polynomialsj-of degree 1,2,..., f (see Delsarte, 
Goethals and Seidel [3].) Many examples of sphericai l-designs have been 
given in [3] together with important properties of spherical designs. 
Our purpose in the present paper is to add some further examples of 
spherical &designs, which are constructed from certain fin&e subgroups in the 
orthogonal group O(d). 
THEOREM 1. Let G be a jkite subgroup of O(d), and let the naturul 
representation of G be irreducibIe. Then for any element X in AId the subset 
X = {gX 1 g E G} in .Qd is a spherical 2-design. 
More generally, we have 
THEOREM 2. Let pl be the irreducible representatioti of degree dz of the 
orthogonal group O(d) on the space of the lth sphericalfunctions on !Jd , where 
dJ = (‘;:;‘) - (‘;!I~). Cpz a pp ears as an irreducible component of the l 
th (but not the ith (i < Z - 1)) symmetrized Kronecker product of the natural 
representation of O(C@) 
(i) S’uppose that G is a$nite subgroup in O(d) arzd that the restrictioti 
p,, 1 G of the representation pz to G is irreducible for l = 0, I,..., s, TheE for any 
X c Qd the subset X = { gX 1 g E G} in fid is a spherical 2s-design. 
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(ii) In addition to the assumption in (i) suppose that the restriction 
pO+l 1 G does not contain any pl 1 G (Z = 0, l,..., s) as irreducible component. 
Then for any X E I& the subset X = {gX 1 g E G] in Q$ is a spherical (2s + I)- 
design. 
Proof qf Theorem 1. (This is nothing but a special case of the proof of 
Theorem 2 which is given later. However, this wil indicate the basic idea of 
the present paper very clearly.) Since O(d) is transitive on Qd, we may 
assume without loss of geneality that X = t(l, O,..., 0). Let aij(g) be the (i, j)- 
entry of the matrix g E G (C O(d)). Then gX = t(all(g), a&g),..., a&g)). 
The space of homogeneous harmonic polynomials of degree 1 is generated 
by the monomials xi (z’ = 1, 2,..., d), and the space of homogeneous harmonic 
polynomials of degree 2 is generated by the xi+ (i #.j) and the q2 - q2 
(i +j). Now, from the orthoogonality relations among the entries of irreduc- 
ible representations (cf. [2, Formula (31.5)]), we obtain that 
zzz 0. (3) 
Thus, we have the assertion of Theorem 1 immediately. 
Proof of Theorem 2. First, let us recall some fundamental properties of 
the representation theory of O(d) and the theory of spherical functions on 
.Qd (see, for example, [IO, 6, 8, 9, I, 51 and others for the details.) Let pz 
(Z = 0, I, 2,...) be the &h spherical representation of O(d) of degree dJ . 
Then the representation p5 can be regarded as an orthogonal representation 
on the space Vz of all homogeneous harmonic polynomials of degree I. 
Let ( , ) be the G-invariant inner product on V$ . As an orthonormal base of 
Vi, we can take 
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Then the functions ~zI,zz,.,.,&$ are functions of xX1, xtl ,..., xgi if we write 
x = (Xi$(X)) = (xg) E U(d)? 
and are called spherical functions on the sphere 
L&f = {(Xl1 ,..., x& 1 x& -+ .” + x& =zz 1) (= U(d)/U(d - 1)). 
Moreover, the functions ~zIzz~ ,..., L&v~~ , xzI ,..., x&I are homogeneous 
harmonic polynomials in xII, xzI ,..., xdL of degree ZI . Now, let L&J denote 
the surface element in Q$, then we get 
Now, we can easily show that dL+l > dz (for I = 0, 1, 2 ,...) for d 2 3. ‘Thus, 
for d 2 3 if pz \ G are irreducible for 1 = 0, l,..., z, then the pl 1 G’ (2 = 
0, I,..., .s) are mutually distinct. This last assertion is directly verified also 
for d = 2 without difficulty, because we may assume that G is irreducible 
and so is a dihedral group. Since the functions ~zx,lz~...,z&) {gEG> give 
certain entries of the matrices of the representation pLl / G, from the ortho- 
gonal@ relations of the entries of irreducible representations (see [2, (31.5)]), 
we obtain that 
Ml if =z II = li , I2 = & ,. .., IS = 1; , 
0 otherwise, c?l 
provided that iI < s and 1; < s. (Here, note that the pz (i = 0, l,..., S) are 
irreducible orthogonal representations.) Now, in order to prove the assertkm 
(i), we may assume that X = t(I, 0 ,..., 0) and we have only to show that 
~G.fG&9> %!lw9.-~ %&a = 0 
for all homogeneous harmonic polynomialsjof degree I, I&..., 2~ Now, on 
the sphere Qd, any homogeneous polynomial f of degree l is expressed 
uniquely as 
where fi is a homogeneous harmonic polynomial of degree i* So, let .f be 
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any polynomial of degree at most 2,~. Then f is expressed as a certain linear 
combination of the Jh with 0 < i < s and 0 <j < s, where fi denotes a 
homogeneous harmonic polynomial of degree i, because any poIynomia1 of 
degree at most 2s is expressed as a linear combination of the products of 
two polynomials each of whose degree is <z. Of course, there are many ways 
to express the polynomial f in this way. However, 
does not depend on the way of expression. Now, from the formulas (4) and 
(5), we obtain that 
for any polynomial f of degree at most 2s. 
Now, if f is any nonconstant homogeneous harmonic polynomial, then 
Thus, the assertion (i) is verified. We omit the proof of the assertion (ii), 
because it is easily obtained by shghtly modifying the above argument that 
proved the assertion (i). 
Concludirzg Remarks. (i) The above theorems give many examples of 
spherical t-designs, but for relatively small values of L For example, the 
Weyl group of type E8 satisfies the assumptions (i) and (ii) in Theorem 2 
for $ = 3 (cf. [4’J). So, we get many examples of spherical 7-designs. Also, 
we will be able to obtain some other interesting examples by looking at some 
real reflection groups and various subgroups of Conway’s groups (cf. [3].) 
However, it is not known and very unlikely that there is a finite group G 
for which the assumption in either (i) or (ii) in Theorem 2 is satisfied for 
large s (say for s > 6). So, as far as we are looking for spherical t-designs 
on which a group acts transitively, it seems very difficult (or might be unlikely) 
that we can find such a spherical t-design for large t. However, it would be 
very nice, if we could know whether there exists a spherical t-design with 
arbitrary large t for a fixed d > 3. 
(ii) One may notice a strong anaIogy between Theorem 2 and the 
theorems which show the multiple transitivity of finite permutation groups 
by using the irreducibility of the restriction of certain characters of symmetric 
groups (cf., for example, [7].) 
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